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1 Introduction 



Fractional derivatives QIISEI; have played a significant role in physics, math- 
ematics and engineering during the last decade [U 13 El- Fractional 
calculus found many interesting applications in recent studies of scaling phe- 
nomena jni CHI IH] or in classical mechanics [121 HBl HH UHl HEj • 

Riewe has used the fractional calculus to develop a formalism which can be 
used for both conservative and non conservative systems ^21 El- Although 
many laws of nature can be obtained using certain functionals and the theory 
of calculus of variations, not all laws can be obtained by using this way. For 
example, almost all systems contain internal damping, yet traditional energy 
based approach cannot be used to obtain equations describing the behavior 
of a non conservative system IT^ . Using the fractional approach, one 
can obtain the Euler-Lagrange and the Hamiltonian equations of motion for 
the nonconservative systems. The simple solutions of the fractional Dirac 
equation of order | were investigated recently [T71 ITHj.Even more recently 
the fractional variational principle in macroscopic picture was discussed in 

m- 

Recently, an extension of the simplest fractional problem and the frac- 
tional variational problem of Lagrange was obtained |15t IT^ . A natural 
generalization of Agrawal's approach, was to apply the fractional calculus to 
constrained systems [2D] and to obtain both the fractional Euler-Lagrange 
equations [21] and the fractional Hamiltonian formulation of constrained sys- 
tems E21I23. 

The fractional Lagrangian is non-local, therefore we should take care of 
this property in handling with its corresponding Hamiltonian. An interesting 
proposal for the Hamiltonian formalism corresponding to the non-local La- 
grangian systems was considered in [2^. The physical degrees of freedom of 
non-local theories was investigated very recently in [22]. Besides, the Hamil- 
tonian formalism for non-local field theories [2^] in d space-time dimensions 
was developed recently in [21]. 

For these reasons the fractional variational problems for fields are inter- 
esting to be investigated. 

The aim of this paper is to obtain the Euler-Lagrange equations for the 
classical fields with Riemann-Liouville fractional derivatives. 

The present paper is organized as follows. In section 2 the fractional 
Euler-Lagrange equations for fields are obtained. In section 3 the fractional 
Klein-Gordon equations and Dirac's equation of order | are obtained. Finally, 
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the section 4 is dedicated to our conclusions. 



2 Lagrangian formulation of field systems 
with fractional derivatives 

2.1 Riemann-Liouville partial fractional derivative 

Let us consider a function f depending on n variables, A partial 

left Riemann-Liouville fractional derivative of order afc, < afc < 1, in the 
k-th variable is defined as [1,2] 



^ " r(l - a,) dxu la, {x, - u)"^- 



and a partial right Riemann-Liouville fractional derivative of order has 
the form 

^ r(l-a,)aa;,4 {-x, + u)-^ 

If the function f is differentiable we obtain 

^ ff(xi,---,Xfc-i,n,Xfc+i,---,x„) 

4 ixk - uY^ 



We notice that the last term of the equation Q represents the Caputo 
derivative |28|. This derivative has the advantage that certain initial condi- 
tions are easier to interpret. 

2.2 Fractional classical fields 

A covariant form of the action would involve a Lagrangian density C via 
S = J Cd^x = J Cd?xdt where £ = £(0, d^cp) and with L = J CcPx. The 
corresponding covariant Euler-Lagrange equations are 
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dC dC , . 

where (p is the field variable . 

Now we shall investigate the fractional generalization of the above La- 
grangian density. 

Let us consider the action function of the form 

S = Jc (0(x), (D:^^)0(x), (D:^^+)0(x),x) d'xdt. (5) 

Here < < I and Ofc correspond to Xi,X2,X3 and t respectively. For each 

partial derivative we may have a specific order ak and a given limit ak- 
in this paper the integration limits are —oo and oo respectively. Under 

this conditions D"^^_ would become and D"^_ would become D^_. 

Let us consider the e finite variation of the functional S{(j)), that we write 

with explicit dependence from the fields and their fractional derivatives 

A,^(0) = |[/:(x,0 + e(50,(D^^)0(x) + 6(D^^)(50,(D^^^^_)0(x) 

+ e(D^^;„+)50) - Cix, 0, (DSl)0(x), (D°^^+)0(x))]rf3xrft. (6) 

We will develop the first term in square brackets, which is a function on 
e as a Taylor series in e, stopping at the first order. Therefore from (jHI) we 
obtain 



A,^(0) = J [C{x, 0, (B^^.mx), (D:?-f)0(a^)) + 



- 0, (D-^)0(a;), iB"J^^mx))]d'xdt (7) 



Taking into account (|7j) the form of © becomes 



CO- 



E g(D.. ^^ (D-U^'/>) + 0(6)]ci^xrft. (8) 



-ooH 



We now perform a fractional integration by parts of the second term in 
by using the formula jU OU] 

/oo fCO 
f{x){B1^^^g){x)dx= / g{x){B':^_f){x)dx. (9) 
-oo J ~oo 

Therefore we obtain 



k 

^■^ dC 



+ E{(DS-) g(p., ^^^ }5cp]d?xdt + j 0{e)d'xdt. (10) 

After taking the limit lim^ ^^ A^s(<f>) obtain the fractional Euler-Lagrange 

equations as follows 

(9£ ^'"^ (9£ dr. 

It is worth commenting that for — > 1, the equations (fTT|) are the usual 
Euler-Lagrange equations for classical fields. 



3 Examples 



In this section we shall analyze two systems. The first one is the Klein- 
Gordon field and the second one is the Dirac field. 

3.1 Fractional Klein-Gordon equation 

As a first example let us consider the following Lagrangian density as 

C^g = ^[d,(l)dy-m'<j>'] (12) 

or 

C^g = lm'-{V<Pf-m'n (13) 
The fractional generalization of ()13|) is given by 
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C^TKQ = - (D-^+0)2 - - (D-^^0)2 - (14) 

By using (fTT|l . the fractional Euler-Lagrange equations are obtain as fol- 
lows 

D:5-(D"U)</'-D^^-(D^W)</'-DS-(D"L+)0-D-_(D-^^)0-mV = 0. 

(15) 

For all afc ^ 1 we obtain the usual Klein-Gordon equation. 

3.2 Fractional Dirac equation 

The Dirac Lagrangian is given by 

U = ^{tl^df, - m)^. (16) 

In |17| ITH] a detailed analysis of the solutions of the fractional Dirac 
equation of | was done. 

We propose the Lagrangian density for Dirac field of order | as follows 

Crv = i> (7°DlV(a;) + (m)2/3) ^(x). (17) 

Taking into account (fTTj) and (fT7|) the corresponding Dirac equation be- 
comes 

7"D^/+^(a;) + {mf'^^^x) = 0. (18) 

We would like to stress that in (fTTj) and (fTHj) the expressions of D^'^ and 
D^'^ have the same meaning as it was introduced in the previous paragraph 
but for the sake of simplicity we kept the compact form for summations 
^Q,-p2/3 7"D^+ respectively. 

This result is the same as the fractional Dirac equation obtained in ref- 
erences [T71 HHI . 
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4 Conclusion 



The fractional Lagrangian is not unique due to the fact that we have several 
choices to replace the fractional derivatives in the usual one. This property 
of the fractional Lagrangian is an advantage of this theory. For a specific 
problem we have several options to obtain, under the limit process, the usual 
Euler-Lagrange equations for fields. 

In this paper we have extended the derivation of the usual Euler-Lagrange 
equations of motion for classical field to the case the Lagrangian contains frac- 
tional derivatives of fields. This method has been applied with the variational 
principle to obtain the corresponding fractional Euler-Lagrange equations. 
The fractional Klein-Gordon equations were obtained by using the fractional 
variational principle. This approach allows to obtain the Dirac equation with 
fractional derivatives of order 2/3 recently obtained in [TTj ITH]. 
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